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Topic Notes: Binary Representations

Binary Basics

Question: how high can you count on one finger?

That finger can either be up or down, so you can count 0, 1 and tha
(Computer scientists always start counting at 0, so you shgetl used to that...)
So then... How high can you count on one hand/five fingers?

When kids count on their fingers, they can get up to 5. The numslrepresented by the number
of fingers they have up.

But we have multiple ways to represent some of the numbersveys 1 0, 51’s, 10 2’s, 10 3’s, 5
4'sand 15.

We can do better. We have 32 different combinations of fingprsr down, so we can use them to
represent 32 different numbers.

Given that, how high can you count on ten fingers?

To make this work, we need to figure out which patterns of fisggr and down correspond to
which numbers.

To keep things manageable, we’ll assume we’re working withgits (hey, aren’t fingers called
digits too?) each of which can be a 0 or a 1. We should be ablep@sent 16 numbers. As
computer scientists, we’ll represent numbers from 0 to 15.

Our 16 patterns are base 2 lmnary, numbers. In this case, we call the digiits (short forbinary
digits).

Each bit may be 0 or 1. That'’s all we have.

Just like in base 10 (atecima), where we have the 1'1(°) place, the 10's10') place, the 100’s
(10%) place, etc, here we have the 128, 2's (2!), 4's (22), 8's (2°), etc.

As you might imagine, binary representations require a idiits as we start to represent larger
values. Since we will often find it convenient to think of ouméry values in 4-bit chunks, we will
also tend to use base 16 (oexadecimal

Since we don't have enough numbers to represent the 16 udigjierequired, we use the numbers
0-9 for the values 0-9 but then the letters A—F to representdlues 10-15.

0 0000
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1 0001
2 0010
3 0011
4 0100
5 0101
6 0110
7 0111
8 1000
9 1001
10 1010 A
11 1011 B
12 1100 C
13 1101 D
14 1110 E
15 1111 F

Any number can be used as the base, but the common ones arg, bzese 8 dctal, 3 binary
digits), base 10, and base 16.

A byte (8 bits) of data can be written as a decimal number irrdinge O to 255, as 8 binary bits,
or as two hexadecimal symbols.

Two bytes of data: decimal in the range 0-65535, 16 bits, addigits.

Decimal-Binary-Hex Conversions

Since we will encounter values in decimal, binary, and hegadal at various times, we should
think about how to convert among these represenations.

We'll first look at the easiest case: converting back anchfogtween binary and hex. Each hex
digit represents 4 bits and each group of 4 bits can be repexsby a hex digit.

So to convert the hex valuBA4 D to binary, we convert each digit:
0111 1010 0100 1101

And to go back the other way, we can start with

0100 1011 0000 0110

(conveniently written in groups of 4 bits) to obtahB06 in hex.

Converting from binary or hex to decimal is also pretty stnéigrward. We just add up the values
represented by each digit. Start with a binary value:

01011011
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This binary string is interpreted:

O0x2"+1x204+0x22+1x224+1x224+0x22+1x2"+1x2°

which is 64+16+8+2+1 = 91 in decimal.

Notice that this isexactly the same way we interpret a decimal value. The value 2872amdé
is really:

2x 102 +8 x 102 +7 x 10> +2 x 10°

It's a similar idea converting from hex. Here, we’ll look &ietplace values in base 16. Starting
with the hex valu0C7:

3x16%+0x 162+ 12 x 16" + 7 x 16°

We’ll probably grab a calculator for this:

3 x 4096 + 12 x 16 + 7 = 12288 + 192 + 7 = 12487

The remaining conversions start from decimal. We'll firshwert decimal to binary. We assume
here that we are going to store our result in 8 bits, but thequmore can be extended to larger
values.

We will use 108 (decimal) as our value.
Let's remember what each position in our 8-bit binary vakeresents:

The first bit is the number of” = 128’s in the number.
The second bit is the number 2ff = 64’s

The third bit is the number af® = 32's

The fourth bit is the number of* = 16’s

The fifth bit is the number of? = 8’s

The sixth bit is the number af = 4’s

The seventh bit is the number 2f = 2’s

The eighth bit is the number @f = 1's

We work in order from left to right. If the number is greateathor equal to the value stored in
a position, we place a 1 in that position and subtract theeviduthat position from the number.
Otherwise, we place a 0 in that position.

So for our number 108, we start with the 128’s place. 108 idlsmao we place a O there:
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Next, we notice that 108 is larger than 64, so we place a 1 ib4'eeplace and subtract 64 from
our number. Subsequent steps will work with the number 44.

There are no 16’'sin 12, so we putaO.

0110?77?77

There is an 8 in 12, so we place a 1 and subtract, leaving usiwith

01101777

And there is a 4, so we place a 1 in the 4’'s and are left with 0.

01101177

The 0 remaining will not contain any 2’s or 1's, so we will bagihg O’s in the final two positions.
01101100

And there’s our answer.

We will follow a similar procedure to this to convert decintalhex, but it's a little more tricky
since we’re dealing with powers of 16.

Here, we will assume that we want the answer in 4 hex digitd, ve&l start with the decimal
number 19,832.

First, we need to remind ourselves what the place valuendrex:

16% = 4096
16% = 256
16' = 16
16" =1

So we begin by figuring out how many 4096’s there are in 19,8B8&e divide 19,832 by 4096,
we get 4, with a remainder of 3448. So our first hex digit willebé.
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47?277

And we continue working with that remainder, 3448. Note {fat can also think about subtracting
4 x 4096 = 16384 from our starting number to get that remainder.

How many 256’s are there in 3448? We’ﬂ%g gives us 13, with a remainder of 120. This means
we need to use 13 as our second hex digit. Recall that the ¢bavee use to represent 13 is D.

4D?7?

Continuing on, we are left with 120 and we need to fill in the lf@iace. %9 gives 7 with a
remainder of 8. So we have our last two digits, and the hexesgmtation of our number is

4D78

It's All Binary

So we have seen how we can represent unsigneg rfon-negative) whole numbers in binary.
However, that is just one of many kinds of data that we willlwis store and process.

e Integers (including negative numbers): the represemasicimilar to what we use for un-
signed numbers. The usual representation is cale€omplementbut the details are not
our concern.

e “Real” numbers with fractions/decimal points: there are ynamoices of how to represent
non-intergral values. The representations almost alwagd are callefloating pointrepre-
sentations. Not all values can be represented exactly -ozippations are needed.

e Characters: representing text. The two most common mappingsary values to charac-
ters:

— TheAmerican Standard Code for Information Intercharf@&Cll) — provides a set of
one-byte representations for English characters, nualatigits, and common punc-
tuation.

See:http://en.w ki pedi a. or g/ wi ki / ASCI |

— Unicode- introduced about 20 years ago — representations are 2 pgteharacter,
allowing the inclusion of many international characters.
See:http://en.w ki pedi a. or g/ wi ki /Li st _of _Uni code _characters

Text such as that in the document you are reading now is repies as a sequence of ASCII
or Unicode characters.
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e Other media, such as sound, images, and video each have rossiplp representations.
When we refer to an “MP3” audio file, or a “JPEG” image, or an “MFHEnovie, we refer
to a file that follows a specific set of rules about what bitgrais correspond to the sound,
image, or video being represented.

e Computer instructions: both the data and instructions areedtas binary values in the
computer’s memory. We will look at this in more detail next.



